REALIZATIONS OF THE THREE POINT LIE ALGEBRA sl(2,H) © (fi^/dft). 



BEN COX AND ELIZABETH JURISICH 



Abstract. We describe the universal central extension of the three point current algebra sl(2, TZ) 
where TZ = C[t,t~ 1 ,u\u 2 = t 2 + At] and construct realizations of it in terms of sums of partial 
differential operators. 



1. Introduction 

It is well known from the work of C. Kassel and J.L. Loday (see [20], and [21]) that if R is a 
commutative algebra and g is a simple Lie algebra, both defined over the complex numbers, then 
the universal central extension g of g © R is the vector space (g © R) © Q} R /dR where Vl R /dR is the 
space of Kahler differentials modulo exact forms (see [21]). The vector space g is made into a Lie 
algebra by defining 

[x © /, y ® g] := [xy] © fg+ {x, y)fdg, [x®f,u]=0 

for x,y € Q, f,g € R, oj € fl R /dR and (— , — ) denotes the Killing form on g. Here a denotes the 
image of a € fl R in the quotient Q R /dR. A somewhat vague but natural question comes to mind 
is whether there exists free field or Wakimoto type realizations of these algebras. It is well known 
from the work of M. Wakimoto and B. Feigin and E. Frenkel what the answer is when R is the ring 
of Laurent polynomials in one variable (see [36] and [11]). We find such a realization in the setting 
where g = sl(2, C) and R = C[t, t~ x , u\u 2 = t 2 + it] is the three point algebra. 

In Kazhdan and Luszig's explicit study of the tensor structure of modules for affine Lie algebras 
(see [22] and [23]) the ring of functions regular everywhere except at a finite number of points appears 
naturally. This algebra M. Bremner gave the name n-point algebra. In particular in the monograph 
[16, Ch. 12] algebras of the form ffi" =1 g((i — Xi)) © Cc appear in the description of the conformal 
blocks. These contain the n-point algebras g ©C[(i — -^i) -1 , • • • , (t — x^)^ 1 ] © Cc modulo part of the 
center Q R /dR. M. Bremner explicitly described the universal central extension of such an algebra 
in [3]. 

Consider now the Riemann sphere C U {oo} with coordinate function s and fix three distinct 
points ai,a2,as on this Riemann sphere. Let R denote the ring of rational functions with poles 
only in the set {01,02,03}. It is known that the automorphism group PGL2(<C) of C(s) is simply 
3-transitive and R is a subring of C(s), so that R is isomorphic to the ring of rational functions 
with poles at {00, 0,1, a}. Motivated by this isomorphism one sets a — 04 and here the 4-point 
ring is R = R a = C[s, s" 1 , (s - (s - a)" 1 ] where a e C\{0, 1}. Let S := S b = C[t,t -1 ,ti] 
where u 2 = t 2 — 2bt + 1 with b a complex number not equal to ±1. Then M. Bremner has shown 
us that R a = Sb- As the later, being Z 2 -graded, is a cousin to super Lie algebras, and is thus 
more immediately amendable to the theatrics of conformal field theory. Moreover Bremner has 
given an explicit description of the universal central extension of g © R, in terms of ultraspherical 
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(Gegenbauer) polynomials where R is the four point algebra (see [5]). In [7] the hrst author gave a 
realization for the four point algebra where the center acts nontrivially. 

In his study of the elliptic affine Lie algebras, sl(2,i?) © (Qn/dR) where R = C[x, a; -1 , y | y 2 = 
Ax 3 — gix— 53], M. Bremner has also explicitly described the universal central extension of this algebra 
in terms of Pollaczek polynomials (see [4]). Essentially the same algebras appear in recent work of 
A. Fialowski and M. Schlichenmaier [13] and [12]. Together with Andre Bueno and Vyacheslav 
Futorny, the first author described free field type realizations of the elliptic Lie algebra where R = 
C[t,t _1 ,w|,u 2 = t 3 - 2bt 2 -t], b^±l (see [6]). 

Below we look at the three point algebra case where R denotes the ring of rational functions with 
poles only in the set {ai, 02, 03}. This algebra is isomorphic to C[s, s _1 , (s — l) -1 ]. M. Schlichenmaier 
has a slightly different description of the three point algebra as C[(z 2 — a 2 ) k ,z(z 2 — a 2 ) k k G Z] 
where a =/= (see [30]). We show that R = C[t, t~ l ,u \ u 2 = t 2 + At] and thus looks more like Sb 
above. Our main result Theorem 5.1 provides a natural free field realization in terms of a /3-7-system 
and the oscillator algebra of the three point affine Lie algebra when g = s((2, C). Just as in the case 
of intermediate Wakimoto modules defined in [8], there are two different realizations depending on 
two different normal orderings. Besides M. Bermner's article mentioned above, other work on the 
universal central extension of 3-point algebras can be found in [1]. Previous related work on highest 
weight modules of s((2,i?) can be found in H. P. Jakobsen and V. Kac [18]. 

The three point algebra is perhaps the simplest non-trivial example of a Krichever-Novikov al- 
gebra beyond an affine Kac- Moody algebra (see [25], [24], [26]). A fair amount of interesting and 
fundamental work has be done by Krichever, Novikov, Schlichenmaier, and Sheinman on the rep- 
resentation theory of the Krichever-Novikov algebras. In particular Wess-Zumino-Witten-Novikov 
theory and analogues of the Knizhnik-Zamolodchikov equations are developed for these algebras (see 
the survey article [34], and for example [35], [35], [33], [30], [31], and [29]). 

The initial motivation for the use of Wakimoto's realization was to prove a conjecture of V. Kac 
and D. Kazhdan on the character of certain irreducible representations of affine Kac- Moody algebras 
at the critical level (see [36] and [14]). Another motivation for constructing free field realizations 
is that they are used to provide integral solutions to the KZ-equations (see for example [28] and 
[9] and their references). A third is that they are used to help in determining the center of a 
certain completion of the enveloping algebra of an affine Lie algebra at the critical level which is 
an important ingredient in the geometric Langland's correspondence [15]. Yet a fourth is that free 
field realizations of an affine Lie algebra appear naturally in the context of the generalized AKNS 
hierarchies [10]. 

The authors would like to thank Murray Bremner for bringing this problem to their attention and 
they would also like to thank the College of Charleston for their summer Research and Development 
Grant which supported this work. 

This paper is dedicated to Robert Wilson. 

2. The 3-point ring. 
The three point algebra has at least four incarnations. 
2.1. Three point algebras. Fix ^ a e C. Let 

S := C[s,s- 1 ,(s-l)- 1 ], 

K := C[t 1 t~ 1 ,u\u 2 = t 2 + At], 

A := A a = £[{z 2 - a 2 ) k ,z(z 2 - a 2 ) k \ k E Z]. 

Note that Bremner introduced the ring S and Schichcnmaier introduced A (see [30]). Variants of TZ 
were introduced by Bremner for elliptic and 3-point algebras. 
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Proposition 2.1. (1) The rings 1Z and S are isomorphic whereby t i-> s _1 (s — l) 2 , and u i— > 
s — s" 1 . 

(2) The rings 1Z and A are isomorphic. 

Proof. (1). Let / : C[t, u] — > S be the ring homomorphism defined f(t) = s _1 (s — l) 2 = s — 2 + s _1 , 
/(«) = s - s^ 1 . 

We first check that 

f{u 2 - (t 2 + 4i)) = (s - s- 1 ) 2 - (s - 2 + s- 1 ) 2 - 4(s - 2 + s" 1 ) = 

and f(t) — s _1 (s — l) 2 is invertible in S. Hence the map / descends to a well defined ring homo- 
morphism / : 1Z — > S. To show that it is onto we essentially solve for s and s _1 in terms of t and u. 
The inverse ring homomorphism of / is cj> : S — > 1Z given by 

, t + 2 + u ,, t + 2 -u 

n s ) = — 2 — ' ' = — 2 — ' 

t~ 1 u — 1 

In particular <p((s — = . 

For part (2) observe A = C[z, (z — a) -1 , (z + a) -1 ] which after setting z = 2as — a we get 

A = C[s, s , (s — 1) ]■ Thus an isomorphism between A and 1Z is implemented by the assignment 

, t + 2 — u . , — 1 

z h-> alt + u), [z + a) m> and (z — a) L i-> . □ 

4a 4a 

2.2. The Universal Central Extension of the Current Algebra q®A. Let i? be a commutative 

algebra defined over C. Consider the left i?-module F = R® R with left action given by f(g ® /i) = 

fg<8)h for f,g,hdR and let if be the submodule generated by the elements 1<E> fg — f ® g — g<£) f- 

Then Ojj = F/if is the module of Kahler differentials. The element f(£>g+K is traditionally denoted 

by /dg. The canonical map d : i? — > fl]^ is given by df = 1 ® / + K . The exact differentials are the 

elements of the subspace dR. The coset of fdg modulo dR is denoted by fdg. As C. Kassel showed 

the universal central extension of the current algebra q ® R where g is a simple finite dimensional 

Lie algebra defined over C, is the vector space § = (g ® R) © fl^/dR with Lie bracket given by 

[x®f,Y®g] = [ary]® fg+(x,y)Jdg~, [x ® /, w] = 0, [w, w*] =0, 

where x, y G fl, and w, w' G f2)j/di? and (x, y) denotes the Killing form on g. 

There are at least four incarnations of the three point algebras, three of which are defined as 
Q <g> R © Hu/dR where R = S,1Z,A given above. The forth incarnation appears in the work of G. 
Benkart and P. Terwilliger given in terms of the tetrahedron algebra (see [1]) . We will only work 
with R = 1Z. 

Proposition 2.2 ([3], see also [5]). Let 1Z be as above. The set 



{ujq := t 1 dt, lui := t 1 udt] 

is a basis of fl^/dlZ. 

Proof. The proof follows almost exactly along the lines of [5] and [3] and would be omitted if not for 
the fact that we need some of the formulae that appear in the proof. As 1Z has basis {t k , t l u \ k, I € Z}, 
Qiz has a spanning set given by the image in the quotient F/K of the tensor product of these basis 
elements. We know ^ud(u 2 ) = u 2 du. Next we observe that since u 2 = t 2 + At one has in fi-R., 

u(t + 2)dt = -u(2t + 4) dt = ~u d{u 2 ) = u 2 du = (t 2 + 4t) du 

and after multiplying this on the left by t k we get 

(2.1) (t k+1 + 2t k )u dt - {t k+2 + U k+1 ) du = 
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in ri-ji- Now 

d{t k ) = kt^ 1 dt, 

(2.2) d(t k u) = t k du + kt k ^ 1 udt, 
so that in the quotient Qn/dK we have by (2.1) followed by (2.2) 

= {t k+1 + 2t k )udt - (t k+2 + U k+1 )du 
= (t k+1 +2t k )udt- (-(k + 2)t k+1 -4(fc + l)t k )udt 
= ((k + 3)t k+1 + (4k + 6)t k ) u dt. 

Then 

(2.3) t k udt = - ;^ +3 \ t k+1 udt moddH 

(4fc + 6) 

so that 
and 



t~ k u dt = t~ 3 u dt = mod dK, k > 3, 



t k+1 udt = - ^ k + 6 ^ t k u dt mod dK, 
(fc + 3) 

so that t k udt can be written in terms of t~ 1 udt for k > —2 modulo dK. Thus VL-ji is spanned as a 
left 7?.-module by dt and du, furthermore 

(2.4) t k ' Y dt = \d(t k ) = mod dK, for k ± 

k 



By equations (2.2), (2.3), and (2.4) we have Qn/dK is spanned by {t^ 1 dt,t~ 1 u dt}. We know by 
the Riemann-Roch Theorem that the dimension of this space of Kahler differentials modulo exact 
forms on the sphere with three punctures has dimension 2 (see [3]). This completes the proof of the 
proposition. □ 

Corollary 2.3. In Cl^/dR, one has 



(2.5) t k dt 1 = -Mi-feWo, 



(2.6) t k u d(t l u) = ((l+ l)5 fe+i ,_ 2 + (4^ + 2) tf fe+i ,_i) uj 



(2.7) t k d(t l u) = -kSk-iU! 

Proof. Using (2.2) above we obtain 

t k d(t l u) = t k [It^udt + t 1 du) 
= lt l+k - x udt + t l+k du 
= It^^u dt-(l + fc)** + * -1 u dt 
= -kt l+k - 1 udt 
= —kSi + kftt^ 1 u dt mod dK 



in Clji/K 

re observe udu = — d(u 2 ) — — d(t 2 
(2.8) t k udu= (t k+1 + 2t k )dt 



Next we observe udu = — d(u ) = — d(t + At) = (t + 2) dt so that in Q-jz, 
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By (2.8) and (2.4) 

t k u d(t l u) = t k u(lt l ~ 1 u dt + t l du) in Vt n 
= (rt+^u 2 dt + t l+k udu) 
= (tt , + k - 1 (t 2 + At) dt + (t t+k+1 + 2t l+k ) dt) 
= l{t k+l+1 + At k+l )dt + (t t+k+1 + 2t l+k ) dt) 
= (l+ l)t k+l+1 dt + (41 + 2)t k+t dt 
= {(I + 1)4+l-2 + (41 + 2)4+;,-i) r 1 dt mod 72. 
This completes the proof of the corollary. □ 

Theorem 2.4. The universal central extension of the algebra sl(2, C) (g) 72. is isomorphic to the Lie 
algebra with generators e n , e\, f n , /„, h n , h nl n G Z, ojq, <zn<l relations given by 



(2.9) 






(2.10) 




:= -2m£ m ,_„u;o = (n - m)J m -„w , 


(2.11) 


[ft 1 ft 1 ! 


:= 2 ((n + l)S m+n - 2 + (4n + 2)<S m+ „,_i) w 
= (n - m) (5 m+n -2 + 4£ m + n ,-i) w , 


(2.12) 


[ft m , h n ] 


:= -2m<5 m ,_„wi. 


(2.13) 


[^i,X m ] 


= = 0, forx = e,f,h, i,je {0,1} 


(2.14) 




= h m+n — m5 m> - n u)Q, 


(2.15) 


[ e "ij /n] 


= h ln+n ~ mS m ,-n^l = '■ [eln, fn], 


(2.16) 


L°m> J nj 


■ = h m +n+2 + 4ft m +„+i + ((n + l)5 m+n ,_2 + (4rc + 2)£ m+n) _ x ) w 
= hm+n+2 + Ah m+n+ i + ~(n — m) (5 m + n ,-2 + 4J m +„ i _i) Wo, 


(2.17) 


[/l m , 6 n ] 




(2.18) 


[h m , e n ] 


:= 2e m _|_ n =: [h m ,e m ], 


(2.19) 




'■= 2e m +„+2 + 8e m +„+i. 


(2.20) 




• ^fm+m 


(2.21) 




■ = — ^/m+n — • [Ami/mL 


(2.22) 


[ft 1 /^l 


:= — 2/„ l+Jl+ 2 — 8/ m + n +i, 



/or aZZ m,B£Z. 

Proof. Let f denote the free Lie algebra with the generators e n , e 1 , /„, /„, ft n , ft 1 , rt G Z, cjo, oji 
and relations given above (2.9)- (2.22). The map <f> : f -> (st(2, C) <g> 72) 8 (fl n /dK) given by 



</>(e„) 


= e 


E>t n , 


0(4) 


= e C 




0(/n) 


= f 


®*", 


*(/«) 


= / 


<£>ut n 




= h 


8*", 


0(4) 


= ft 


®ut n 




= t- 


1 dt, 


0(o;i) 


= t~ 


1 udt, 



for n G Z is a surjective Lie algebra homomorphism. 
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Consider the subalgebras S+ — (e„, e x n \ n G Z), So — (h n , h\, ujq, u)\ \ n G Z) and 5- = (/ n , /„ | n G 
Z) and set 5 = S- + S + S+. By (2.9) - (2.13) we have 

neZ nGZ nGZ nGZ nGZ raSZ 

By (2.14)- (2.19) we see that 

[e n , S+] = [el, S+] = 0, [hn, S+] C 5+, 5+] C5 +)1 [/„, 5+] C So, S+] C 5 . 

and similarly [x n ,S-] = [x^S-] C 5, [ac n ,5o] — ^o] ^ S for j; = e,f,h. To sum it up we 
observe that [x n , S] C S and [x\, S] C 5 for n G Z, x = /i, e, /. Thus [5, 5] C S 1 . Now 5 contains 
the generators of f and is a subalgebra. Hence S = f. Now it is clear that <j> is a Lie algebra 
isomorphism. □ 



3. A TRIANGULAR DECOMPOSITION OF THE 3-POINT LOOP ALGEBRAS Q ® i? 

From now on we identify R a with 5 and set R — S which has a basis t l , t l u, i G Z. Let p : i? — > i? 
be the automorphism given by p(t) = t andp(u) = —u. Then one can decompose R = R ®R where 
R° = C[t ±:L ] = {r G R | p(r) = r} and i? 1 = C[t ±1 ]u = {r G R | p(r) = — r} are the eigenspaces of p. 
From now on g will denote a simple Lie algebra over C with triangular decomposition g = n_ ffif) ©1%+ 
and then the 3-point loop algebra L(g) := g® R has a corresponding Z/2Z-grading: L(g) 1 :— g^ R l 
for i = 0, 1. However the degree of i does not render L(g) a Z-graded Lie algebra. This leads us to 
the following notion. 

Suppose / is an additive subgroup of the rational numbers P and A is a C-algebra such that 
A — ®ieiAi and there exists a fixed I G N, with 

AiAj G ®\k-(i+ 3 )\<i-Ak 

for all i,j G Z. Then A is said to be an I -quasi- graded algebra. For ^ x G Ai one says that x is 
homogeneous of degree i and one writes degx = i. 

For example R has the structure of a 1-quasi-graded algebra where I = ^Z and degt 1 = i, 
degt l u = i + |. 

A weafc triangular decomposition of a Lie algebra [ is a triple (fj, [+, a) satisfying 

(1) S) and L|_ are subalgebras of [, 

(2) Sj is abelian and [Jrj, 1+] G [+, 

(3) a is an anti-automorphism of [ of order 2 which is the identity on f) and 

(4) l=l+®Si®a(l+). 

We will let cr(l+) be denoted by [_. 

Theorem 3.1 ([5], Theorem 2.1). The 3-point loop algebra L(g) is 1-quasi-graded Lie algebra where 
deg(x (g)/) = degf for f homogeneous. Set R + = C(l + u) © C[t,u]t and i?_ = p(R + ). Then L(g) 
has a weak triangular decomposition given by 

L(q)±=q®R±, ft:=f)(g>C. 

3.1. Formal Distributions. We need some more notation that will simplify some of the arguments 
later. This notation follows roughly [19] and [27]: The formal delta function 5(z/w) is the formal 
distribution 



5{z/w) = z- 1 = w ^ 



z w 
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For any sequence of elements {a m } m gz in the ring End(V A ), V a vector space, the formal distribution 

a(z) : = "rnz-™- 1 
mew. 

is called a field, if for any v £ V, a m v — for m 3> 0. If a(z) is a field, then we set 
(3.1) a(z)_ : = E amZ'" 1 ' 1 , and a(z) + := E a m z~ m ~ x . 

m>0 m<0 

The normal ordered 'product of two distributions a(z) and &(«;) (and their coefficients) is defined by 
( 3 - 2 ) E E : ambn : ^"^w- 71 - 1 =: a(z)b(w) := a(z)+b(w) + b(w)a{z)-. 

Now we should point out that while : a 1 (z 1 ) • • • a rn (z m ) : is always defined as a formal series, we 
will only define : a(z)b(z) ::= lim^,^ : a(z)b(w) : for certain pairs (a(z), b(w)). 
Then one defines recursively 

: a 1 (z 1 )---a k {z k ) :=: a x (z x ) (: a 2 (z 2 ) (:■••: a^ 1 (z k ^i)a k (z k ) :)•••:):, 

while normal ordered product 

: a 1 (z)---a k (z) := lim : a 1 {z 1 ) (: a 2 (z 2 ) (:•••: a*- 1 (z k -i)a k (z k ) ■)■■■)■ 

will only be defined for certain ^-tuples (a 1 , . . . , a k ). 
Let 

(3.3) L a ^J = a(z)b(w)— : a(z)b(w) := [a(z)_, b(w)}, 

(half of [a(z), b(w)]) denote the contraction of any two formal distributions a{z) and b(w). 

Theorem 3.2 (Wick's Theorem, [2], [17] or [19] ). Let a l (z) and V(z) be formal distributions with 
coefficients in the associative algebra End(C[x] ® C[y]), satisfying 

(1) [[a l (z)b J (w)\,c k (x)±] = [[a l b J \,c k (x)±] = 0, for all i,j,k and c k (x) = a k (z) or c k (x) = 
b k {w). 

(2) [a i (z)±,W(w)±]=Q for all i and j . 

(3) The products 

La'^J • • • \_a l °b l °\ : a\z) ■ ■ • a M (z)b 1 (w) ■ ■ ■ b N (w) : {il ,...,i s - tjl ,..., js ) 

have coefficients in End(C[x] ®C[y]) for all subsets {i\, . . . , i s } C {1, . . . , M}, {ji, . . . ,j s } C 
{1, • • • N}. Here the subscript (ii, . . . , i s ]ji, ■ ■ ■ ,j s ) means that those factors a l (z), b J {w) with 
indices i € . . . , i s }, j £ {ji, . . . ,j s } are to be omitted from the product : a 1 ■ ■ ■ a b ■ ■ ■ b N : 
and when s = we do not omit any factors. 

Then 

■.a}{z)---a M {z) :: b 1 (w) ■ ■ ■ b N (w) := 

min(M,A r ) 

E E L^ Jl J ■ • • K^J : a\z) ■ ■ ■ a M {z)b\w) ■ ■ ■ b N (w) : {il ,..., iedl ,..., je) . 

s=0 ii<—<i,,ji^--^j. 

For m = i— |, i £ Z+ i and x € g, define x m+ i — x®t l ~^u — x x m and x m '■= x®t m . Motivated 
by conformal field theory we set 

x 1 (z) := E 
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Then the relations in Theorem 2.4 can be rewritten as 

(3.4) [x(z),y(w)] = [xy](w)8{z / w) - (x,y)u Q d w 5(z/w), 

(3.5) [x 1 (z),y 1 (w)] = P{[x,y](w)S(z/w) - (x,y)oj d w S(z/w)) - ~(x,y)(dP)u] 6(z/w), 

(3.6) [x(z),y 1 (w)} = [x,y] 1 (w)8(z/w) - (x,y)u 1 d w S(z/w) = [x 1 (z),y(w)}, 
where 1,1/6 {e, /, h}. 

4. Oscillator algebras 

4.1. The /3 — 7 system. The following construction in the physics literature is often called the j3 — 7 
system which corresponds to our a and a* below. Let d be the infinite dimensional oscillator algebra 
with generators a n , a* , a* , a**, n£Z together with 1 satisfying the relations 

[a n ,a m ] = [a m ,a\] = [a m ,a%] = [a*,a£J = [a*,a£j = [a*,a^] = 0, 

K' a m] = [ a n*> a m] = = [o, 1], 

[a„,a*J = (5 TO+ „,ol = [o B (0^]. 

For c = a, a 1 and respectively X = x, x 1 with r = or r — 1, we define C[x] := C[x n , x\ \ n G Z and 
p : a -> flt(C[x]) by 



(4.1) /Or(c m ) : 

(4.2) p r (c* m ) : 



(d/dX m if m > 0, and r = 

1 X m otherwise, 

J X_ m if to < 0, and r = 

| —d/dX- m otherwise. 



and Pr(l) = 1- These two representations can be constructed using induction: For r = the 
representation po is the a-module generated by 1 =: |0), where 

a m \0) = a^|0) = 0, m>0, <J0) = a^*|0) = 0, m > 0. 

For r = 1 the representation pi is the d-module generated by 1 =: |0), where 

<|0) = a I 1 „*|0)=0, meZ. 

If we write 



and 



then 



^(z) := <'~ n ~\ ^*{z) := £ a^z~ n , 



[a(z),a(w)} = [a*(z),a*{w)} = [a 1 (z) , a 1 (w)} = [a 1 *^), a 1 *^)] =0 
[a{z),a*(w)] = [a 1 (z) : a 1 *(w)} = 18(z/w). 

Observe that pi(a(z)) and pi(a 1 (z)) are not fields whereas p r {a*{z)) p r (a 1 * (z)) are always a field. 
Corresponding to these two representations there are two possible normal orderings: For r — we 
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use the usual normal ordering given by (3.1) and for r = lwc define the natural normal ordering to 
be 



a(z) + 


= a(z), 


oc(z)- 


= 


a X (2:) + 


= a x (z), 




= 


a*(z)+ 


= 0, 


Q*{z)- 


= a*{z), 


a 1 *(z) + 


= 0, 




= a^iz), 



This means in particular that for r = we get 

(4.3) [a(z)a*(w)\ = V 5 m+ „.o^ m "^"" = 5-{z/w) = l z , w ( 

(4.4) [a*(z)a(w)\ = - E 5 m+n , z- m w- n - 1 = -S+(w/z) = l z . w {-!—) 

^ \w~zj 

m>l x ' 

(where l Z}W Taylor series expansion in the " region" \z\ > \w\), and for r = 1 

(4.5) \aa*\ = [a(z)-,a*(w)\ = 

(4.6) [a*a\ = [a* (z) _ , a(w)} = - £ 5 m+ n,o^ m ^"" 1 - 

where similar results hold for a 1 . Notice that in both cases we have 

[a(z) , a* (w)} — [a(z)a*(w)\ — [a*(w)a(z)\ =S(z/w). 

We will also need the following two results. 

Theorem 4.1 (Taylor's Theorem, [19], 2.4.3). Let a(z) be a formal distribution. Then in the region 
\z — w\ < \w\, 

oo 

(4.7) a{z) = ^2d^a(w)(z -wy. 

3=0 

Theorem 4.2 ([19], Theorem 2.3.2). Set C[x] = C[x n ,x x n \n 6 Z] and C[y] = C[y m ,y^\m € N*]. 
Let a(z) and b(z) be formal distributions with coefficients in the associative algebra EndQ where we 
are using the usual normal ordering. The following are equivalent 

N-l 

(i) [a(z), b(w)} = d w )§ ( z ~ w)cP(w) ) where cP (w) e End(C[x] ® C[y])[w, w' 1 ]. 

3=0 

N-l 



(ii) [ab\ = £ ^ c 3 W- 



3=0 

In other words the singular part of the operator product expansion 

N-l 



3=0 

completely determines the bracket of mutually local formal distributions a{z) and b(w). One writes 

JV-l 



a z)6 u>) - > -— . 

P< (z-w)J+ 1 
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4.2. The 3-point Heisenberg algebra. The Cartan subalgebra f) tensored with 1Z generates a 
subalgebra of g which is an extension of an oscillator algebra. This extension motivates the following 
definition: The Lie algebra with generators bmjb^, meZ. 1q, li, and relations 

(4.8) [b m , b n ] = (n - m) S m+nfi l = -2m 8 m+nfi l 

(4.9) [6^, b x n } = (n-m) (<Wn,-2 + 45 ro+n ,_i) 1 = 2 ((n + l)<5 m+n ,_ 2 + (4n + 2)5 ro+n ,_i) 1 

(4.10) [6^, b n ] = (n - m)5 m ,_„li = -2m<5 m: _ n li 

(4.11) [6 m , 1 Q ] = [bl, 1 ] = [6 m , li] = l x ] = 0. 

we will give the appellation the 3-point (affine) Heisenberg algebra and denote it by f)3. 
If we introduce the formal distributions 

(4.12) f3(z) := J2 bnz- n ~\ P l {z) := ]T 6^— 1 = £ ^x^ 1 . 

(where := 6^) then using calculations done earlier for the 3-point Lie algebra we can see that 

the relations above can be rewritten in the form 

\j3(z),p(w)] = 21 d z S(z/w) = -2d w 5(z/w)l 

[/3 1 (z),(3 1 (w)} = -2 ((w 2 + Aw)d w {8{z/w) + (2 + w)S(z/w)) 1„ 

[p 1 {z),p{w)] = 2d z 5{z/w)U = -2d w 8{z/w)U 

Set 

t)f : = J2 ( C6 « + Cb n) » ^° : = C1 o © C1 i © Cb o © <Cbl 



We introduce a Borel type subalgebra 

Due to the denning relations above one can see that b\ is a subalgebra. 

Lemma 4.3. Let V = Cvo © Cvi be a two dimensional representation of f)ij = for i = 0,1. 
Suppose A, /x, ^, Xi, Ko € C are such that 

b v = Av , & vi = Avi 

6qV = mvo + fvi, 6oVi = xv + /ivi 

liVi = XiVi, l Vi = «;oVi, i = 0, 1. 

Then the above defines a representation of by,. 

Proof. Since b m acts by scalar multiplication for to, n > 0, the first defining relation (4.8) is satisfied 
for to, n > 0. The second relation (4.9) is also satisfied as the right hand side is zero if to > 0, n > 0. If 
n = 0, then since &o acts by a scalar, the relation (4.10) leads to no condition on A, /x, ^, >r, \i > K o € f)°- 
If to > and n > 0, the third relation doesn't give us a condition on xi as 

= b^bnWi - &„6^Vj = 6„]vj = -25 m _„mxiVi = 0. 

If m = n = 0, the third relation however becomes 

= A&Jvj - fejAvj = &o& Vi - &o&o v -t = [ & o> & o]v 4 = -2 ■ OxiV; = 0, 

so that there is no condition on xi- 

□ 
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Let Bq denote the linear transformation on V that agrees with the action of . If we define the 
notion of a &3-submodule as is done in [32], Definition 1.2, then V above is an irreducible b3-modulc 
when xis ^ i.e. if det Bq ^ /i 2 . If one induces up from V, the resulting representation for the three 
point affine algebra would not have a chance of being irreducible if V were not irreducible (in the 
sense of Sheinman) itself. 

LetC[y] :=C[y_ Bs yIJm,neN*]. 

Lemma 4.4. The linear map p : bs — > End(C[y] :) defined by 

(4.13) p(b n ) =y n forn<0 

(4.14) p(b 1 n )=y 1 n forn<0 

(4.15) p(b n ) = -n(2d y _ rl K + 2d y i_ n xi) for n > 

(4.16) p(bi) = -2nd y _ n Xi - (2 + 2n)d y x_ 2 _ n K Q - 4(1 + 2n)d y i_ i n ^ for n > 
is a representation ofb^. 

Proof. For m,n > 0, it is straight forward to see [p(b n ), p(b m )] — [p(b^), /?(&„)] = 0, and similarly 
for m, n < 0, [p(6„), p(6 m )] = [/o(fr,\), p(^m)] = 0. For m > and n < we have 

[p(b m ),p(b n )} = [-m(2d v _ m K + 2d y i_ m Xi),Vn] 
= —2mS mt - n Ko 

= [-n(2dy_ n Ko+2d y i_ n Xi),Vm], 

[p(b m ),p{b l n )\ = [-m(2dy_ m K + 2d y i_ m Xi),yn} 
= -2mS m - n xi, 

WL)iPK)] = l-2™d y _ mX i - (2 + 2m)a yL a _ m «o " 4(1 + 2m)0 yLi _ m «o, V*] 
= -(2 + 2rn)(5 m+ 2,-„Ko - 4(1 + 2m)S m+1 - n K 
= -2 ((to + l)<S m +„,-2 + (4m + 2)<S m+n ,_i) k , 

[p^ml.P^n)] = [-2md y _ m xi - (2 + 2m)d y i_ 2 m K - 4(1 + 2m)d y i_ I _ m «o, 2/n] 
= -2m5 ro ,_„xi. 

□ 



5. TWO REALIZATIONS OF THE AFFINE 3-POINT ALGEBRA Q 

Our main result is the following 

Theorem 5.1. Fixr 6 {0, 1}, which then fixes the corresponding normal ordering convention defined 
in the previous section. Set q = (sl(2, C) 72.) © Cojq © Cwi and assume that xo £ C and V as in 
Lemma 4-3. Then using (4-1), (4-%) an ^ Lemma 4-4> the following defines a representation of the 



12 



BEN COX AND ELIZABETH JURISICH 



three point algebra g on C[x] (g) C[y] ® V: 



t(wi 
r(/(*) 

r(/z(z) 
r(/, 1 (z) 
r(e(z) 



0, t(cj ) = Xo = ko + 45 r , , 
r(/ 1 («)) = -a 1 , 

2 (: aa* : + : aW* :) + /3, 

2 (: aV : + (z 2 + 4z) : aa 1 * :) + 1 , 

: a{a*) 2 : + (z 2 + Az) : a{a l *f : +2 : a 1 a* a 1 * : +(3a* + ^a 1 * + X oda 



r(e 1 (z)) = a 1 a* a* + {z 2 + 4z) (a 1 (a 1 *) 2 + 2 : aa'a 1 * :) 

+ /3V + {z 2 + 42) ( 8a 1 * + X o {{z 2 + Az)d z a 1 * + (z + 2)a 1 *) . 

Before we go through the proof it will be fruitful to review V. Kac's A-notation (see [19] section 
2.2 and [37] for some of its properties) used in operator product expansions. If a(z) and b(w) are 
formal distributions, then 



[a(z)Mw)}=J2Pz 



3=0 



{a U) b)(w) 

[z - wy +i 



is transformed under the formal Fourier transform 

F* w a(z,w) = Res z e x{z - w) a{z,w), 

into the sum 

A 3 



Set 



^ =J2-r a u) b 

3=0 J ' 

P(w) = w 2 + 4w. 



So for example we have the following 

Lemma 5.2. Given the definitions in the previous section, we have 

(1) \Pli3 1 ] = - (2(w 2 + Aw)X + (2w + 4)) k = - (2PX + BP) k 

(2) [: aa* : \ : aa* :] = —S r> o88(z/w) 

(3) [: a(a*) 2 : \ : a(a*) 2 :] = -4<5 r , : a*da* : -AS r , Q : {a*) 2 : X. 
Note that similar expressions hold for a and a 1 *. 

Proof. We'll prove (2) and (3). By Wick's Theorem 

: a(z)a*(z) :: a(w)a* (w) : =: a(z)a* (z)a(w)a* (w) : + [a(z),a* (w)\ : a(w)a* (z) : + [a* (z),a(w)\ : a(z)a*(w) 

+ [a(z),a*(w)\ [a*(z),a(w)j 



a(z)a(w)a* (z)a* (w) : + : a(w)a* (z) : t z 

2 



1 



z — w 



+ : a(z)a*(w) : t Z)i 



1 



w — z 



5 r nl z 



1 



z — w 



REALIZATIONS OF THE THREE POINT LIE ALGEBRA sl(2, 1Z) © (Q-n/dTZ). 
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and 



[: a{z)a*{z) 2 :, : a(w)a*(w) 2 :] = 2 : a(z)a* {z)a* (w) 2 : 6{z/w) ~ 2 : a(w)a* (z) 2 a*{w) : S(z/w) 

— 4<5 r .o : a* (z)a* (w) : d w S(z/w) 
= — 4:S ry o : a*(z)d w (a*(w) : 5(z/w)) + 45 r ,o : a* (z)d w a*(w) : 5{z/w) 
— — 4(5 r! o : d w (a* (w)a* (w) : S(z/w)) + 4S r ,o ■ a* (w)d w a* (w) : 8{z/w) 
= — 4£ r! o : d w a*(w)a*(w) : S(z/w) — 4S r fl : a*(w)a*(w) : d w S(z/w). 



□ 



Proof. (Theorem 5.1) We have need to check the following table is preserved under r. 



Table 1. 

['A'] /H f\w) h(w) h l {w) e(w) e» 



m 

fH*) 
Hz) 

h\z) 
e(z) 
e\z) 







Here * indicates nonzero formal distributions that are obtained from the the defining relations 
(3.4), (3.5), and (3.6). The proof is carried out using Wick's Theorem, Taylor's Theorem, and 
Lemma 5.2 as one can see below: 
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K/)at(/)]=0, [r(/) A r(/ 1 )] = 0, 



-(.f)xr(h)} 



(2(aa* +a 1 a 1 *) + /?) = -2a = 2r(/), 



[r(/) A r(/i 1 )] = -[a a (2 (aV + Paa 1 ') + p 1 )] = -2a 1 = 2r(/ 1 ), 

[r(/) A r(e)] = -[a A (: a(a*) 2 : +P : a(a x *) 2 : +2 : aVa 1 * : +/3a* + /3V* + Xo^a*)] 
= -2 (: aa* : + : aV* :)-/?- Xo A = -r(h) - Xo A 

t^at^ 1 )] = - [a A (a x (a*) 2 + P (a 1 (a 1 *) 2 + 2 : aa* a 1 * :) + /?V + P/fe 1 * + X o (W* 1 * + ^F^'j )" 
= -2 (: a : a* : +P : aa 1 * :) - /3 1 = -tQi 1 ). 



[t(/ 1 )at(/ 1 )]=0 

W/^ATf/i)] = -[a\ (2 (: aa* : + : aV* :) + /?)] = -2a 1 = 2r(/ 1 ), 

K^A^/i 1 )] - -[a 1 (2 (: a x a* : +P : aa 1 * :) + /3 1 )] = -2Pa x = 2Pr(.f 1 ), 

[r(/ 1 ) A r(e)] = -[a 1 (: a(a*) 2 : +P : a(a x *) 2 : +2 : a 1 a*a 1 * : +/3a* + pa 1 * + Xo da*)] 
= - (2P : aa 1 * : +2 : a x a* : +/3 1 ) = -t^ 1 ) 

K/Vte 1 )] - -[a 1 (a\a*f + P (a^a 1 *) 2 + 2 : aa'a 1 ' :) + fa* + P/3a x * + X o (pda 1 * + ^(dPja 1 *) )] 
= - (P (2 (: a 1 a 1 * : + : aa* :) + /? + Xo A) + ^p) 
= -(pt(/i)+P X oA + Xo^P^. 

Note that : a(z)b(z) : and : b(z)a(z) : are usually not equal, but : a 1 (w)a* 1 (w) :=: a 1 *(w)a 1 (w) : 
and : a(w)a* (w) :=: a^w^u;) :. Thus we calculate 

[ T (/i) A r(/i)] = (2 (: aa* : + : a 1 a 1 * :) + /3) A (2 (: aa* : + : a 1 a 1 * :) + /?)] 

= A[- :aa*: + :a*a:-: a 1 a 1 * : + : a^a 1 : ) - 8£ r , A + [/3 A /3] 
= -2(4^,0 + k )A 
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IS 



Which can be put into the form of (3.4): 

[T(h(z)),T(h(w))} = -2(4(5 r! o + K )d w S(z/w) = -2xod w S(z/w) = r (-2uj d w S(z/w)) . 
Next we calculate 



[t^at^ 1 )] = [(2 (: aa* : + : aV* :) + 0) x (2 (: a*a* : +P : aa 1 * :) + /3 1 )] 
= 4( (: a* a 1 : - : a 1 a* :) + P (- : aa 1 * : + : a x *a :) ) + [^a/3 1 ] 

Since [a„,a^*] = [a^a*^] = 0, we have 

[t^)),^ 1 ^))] - [/3(z),/?»] =0. 

As t(oji) = 0, relation (3.6) is satisfied. 
We continue with 



[r(/ 1 1 ) A r(/ l 1 )] = [2 (: a 1 a* : +P : aa 1 * :) + /3 1 ) A (2 (: a 1 a* : +P : aa 1 * :) + /3 1 )] 
= AP (- : aa* : + : a 1 * a 1 :) + AP (- : aW* : + : a*a :) 
- 8<5 r , PA - 4(5 ri0 9P + [PlP 1 ] 

= -8(5,. PA - 4<5 r , d J P - 2k (FA + i<9P). 

Yielding the relation 

[t(^ 1 (z)),t(/ 1 1 (w))] = -2(AS rfi + «*>) ((w 2 + 4m) d w 5{z/w) + (w + 2))8{z/w)) 
= T(—(h,h)uj Pd w 5(z/w) — h)dPuj Q 5(z /w)) 

Next we calculate the /i's paired with the e's: 



-WAT(e)]= [(2( 



* I 11* 

aa : + : a a 



: a(a*) 2 : +P : a(a x *) 2 : +2 : aVa 1 * : +/?a* + /?V* + X oda* 
= A : a(a*) 2 : -2 : a(a*) 2 : -A8 rfi a*X 
- 2P : a(a x *) 2 : +4 : a*aV* : 
+ 2a*/3 + 2 Xo a*A + 2xo9a* 
+ 4P : a(a**) 2 : -45 r , a*A 
+ 2f3 1 a 1 * - 2Aa*K 
= 2r(e) 
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and 



[r(^ 1 ) A T(e)] = [(2 (: a 1 a* : +P : aa 1 * :) + p 1 ) x : a(a*) 2 : +P : aia 1 *) 2 : +2 : a 1 a*a 1 * : + pa 1 * + X oda*] 

= -2 : a 1 {a*) 2 + 2P(2 : aa'a 1 ' : - : a^a 1 *) 2 : -25 rfi a u X) - 4<5 r , <9Pa 1 * 
+ 4:a\a*) 2 : +2a* (3 1 

+ 4P : aa lr a* + 4P(: a^a 1 *) 2 : - : ttft'a 1 * : -^ a u A) 
+ 2Pf3a 1 * + 2 X o(Pda 1 * + dPa 1 * + Pa 1 * A) 

-2(P\+^dP)a 1 *K 

= 2 : a 1 {a*f : +2P : a^a 1 *) 2 : +4P : aa* a 1 * : +26(z/w)a*p 1 + 2P$a x * 
+ 2P Xo da 1 * + dPa u X o 
= Me 1 ) 



+ p 1 a* + Pfia 1 * + xo {Pda 1 * + (l/2dP)a 1 *) 
= 4 : a 1 {a*) 2 : -4P(5 r , a 1 *A 
+ 2a* fi 1 - 25(z/w) : a 1 a*a* : 
- 4P<5 J , a 1 *A + 2P : a 1 *a 1 a 1 * : 
+ 4P : a u aa* : +2P^a 1 * 

+ 2 X a(Pa 1 *\ + Pda 1 * + ^dPa 1 *) - 2Pa 1 *K \ 
= 2 : a 1 {a*f : +2P : a 1 {a 1 *) 2 : +AP : aa* a 1 * : 
+ 2£ V + 2PPa x * + 2 Xo {PdW* + (l/2dP)a 1 *) 



and the proof for [T(h 1 )\T(e 1 )} is similar. 

We prove the Serre relation for just one of the relations, [r(e)\T(e 1 )], and the proof of the others 
([r(e)AT(e)], [T(e 1 )A'r(e 1 )]) are similar as the reader can verify. 



Next we must calculate 




: a 1 a*a* : +P (: a 1 (a 1 *) 2 : +2 : aa* a 



l* 
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[r(e) A r(e 1 )] = [ : a(a*) 2 : A (a\a*) 2 + (w 2 + Aw) (a^a 1 *) 2 + 2 : aa*a 1 * 



+ 



+ 



+ 



+ pa* + (w 2 + Aw)pa u + X o {{w 2 + Aw)d w a u + (w + 2)a 1 *) 
P : aia 1 *) 2 : A ( : a\a*) 2 : +(w 2 + Aw) (a^a 1 *) 2 + 2 : aa* a 1 
+ ^a* + (w 2 + Aw)^ 1 * + xo ((w 2 + Aw)d w a 1 * + (w + 2)a 1 *) 
2 : a 1 a*a 1 * : A ( : a 1 ^*) 2 : +(V + Aw) (a 1 {a 1 *) 2 + 2 : aa'a 1 
+ /3 V + (u; 2 + 4w)/3a 1 * + X o ((w 2 + Aw)d w a 1 * + (w + 2)a 1 *) 
' pa* x^: a 1 {a*) 2 : +{w 2 + Aw) (a 1 (a 1 *) 2 + 2:aaV :) 
+ pa* + (w 2 + 4w)/3a 1 * + xo ((™ 2 + 4u;)a u) a 1 * + (w + 2)a u ) 
" / 8 1 c* 1 *a( : a 1 {a*) 2 : +(w 2 + Aw) (a 1 {a 1 *) 2 + 2 : aa* a 1 * :) 
+ pa* + {w 2 + Aw)^ 1 * + xo ((w 2 + Aw)d w a 1 * + (w + 2)a 1 *) 
Xoda* x ( : a\a*) 2 : +(w 2 + Aw) (a 1 {a 1 *) 2 + 2 : aa*a 1 * :) 
+ pa* + {w 2 + Aw)(3a u + xo ((w 2 + Aw)8 w a l * + (w + 2)a 1 *) 



: a{a*f : A ( : a 1 ^*) 2 : +2P : aa* a 1 * : 



+ 



+ 



P : aia 1 *) 2 : A ( : a 1 {a*) 2 : +P (: a 1 ^ 1 *) 2 : +2 : aa* a 1 * :) + 1 a*) 



+ 



2 : aVa 1 * : A (V(a*) 2 + P (: a 1 ^ 1 *) 2 : +2 : aa* a 1 * :) + Ppa 
+ xo ((^ 2 + Aw)d w a 1 * + (w + 2)a 1 *) ) 

^a* A (2P : aa*a 1 * : +pa* + P^a 1 *) 



^ 1 a 1 * A ( : a^a*) 2 : +Pa 1 (a 1 *) 2 + pa* + P^a 1 " 



l* 



Xo<9a* A (2P : aa*a 1 * : ) 
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2 : a 1 a*(a*) 2 : +2P : a{a*) 2 a 1 * : -4P : a(a*) V* : -4£ r , P : a*^ 1 * : A - A5 rfi P : 3{a*)a 1 * 
+ /3 1 (a*) 2 

- 2P : a(a*) 2 a 1 * : +2PaV(a 1 *) 2 

- A5 rfl P : a u a* : A - A5 rfl dP : a 1 * a* : -4£ r>0 P : da 1 * a* : 

- 2P 2 : aia 1 *) 3 : +2P 2 : c^a 1 *) 3 : +P(3 1 (a 1 *) 2 

- 2 : a 1 a*{a*) 2 : +4P : a 1 a* (a 1 *) 2 : -2P : a 1 a* {a 1 *) 2 : -4<5 r , P : a* a 1 * : A - 4<5 r , P : d(a*) 
+ 4P : a{a*) 2 a 1 * : -4P : aV^ 1 *) 2 : 

- A5 rfi P : a* a 1 * : A - A5 rfi P : a* da 1 * : +2PP : a*a 1 * : 

+ 2 X0 (P : da* a 1 * : +P : a* da 1 * : +P : a* a 1 * : A + \{dP) ■ a* a 1 * : ) 

- 2Pf3a*a 1 * - 2n Pa*a 1 *X - 2n Pda*a 1 * 

- P\a*) 2 - P/? 1 ^ 1 *) 2 - n (2Pa*a 1 *X + 2Pa*da 1 * + 8Pa*a 1 *) 
+ 2 Xo Pa*a 1 *X 



-45 r . P : a*a x * : A - 4£ r>0 P : d(a*)a 1 * : 

+ X 1 (2 : a*da* : + : (a*) 2 : A) 



- 4(5 r , P : 


: a a 


: A 


- A5 rfl dP 


: a u a* : -A5 rfi P : da^a* 


- 45 r , P : 


* l* 
: a a 


: A 


- 4(5 ri0 P : 


d{a*)a 1 * : 


- 4(5 r , P : 


* l* 
: a a 


: A 


- 4(5 r , P : 


a* da 1 * : 



+ 2xo (P : da* a 1 * : +P : a* da 1 * : +P : a* a 1 * : A + 1(0P) : a* a 1 * : ) 

- K Pa*a u X - K Pda*a 1 * 

- k (2Pa*a 1 *X + 2Pa*da 1 * + dPa*a 1 *) 

- 2 Xo Pa*a 1 *X 
0. 
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6. Further Comments 

We plan to use the above construction to help elucidate the structure of these representations of 
a three point algebra, describe the space of their intertwining operators and eventually describe the 
center of a certain completion of the universal enveloping algebra for the three point algebra. 
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